The problem we are considering came up in connection with the classification of singularities in positive characteristic. Then it is important that certain invariants like the determinacy can be bounded simultaneously in families of formal power series parametrized by some algebraic variety. In contrast to the case of analytic or algebraic families, where such a bound is well known, the problem is rather subtle, since the modules defining the invariants are quasi-finite but not finite over the base space. In fact, in general the fibre dimension is not semicontinuous and the quasi-finite locus is not open. However, if we pass to the completed fibers in a family of modules we can prove that their fiber dimension is semicontinuous under some mild conditions. We prove this in a rather general framework by introducing and using the completed and the Henselian tensor product, the proof being more involved as one might think. Finally we apply this to the Milnor number and the Tjurina number in families of hypersurfaces and complete intersections and to the determinacy in a family of ideals.
Introduction
In connection with the classification of singularities defined by formal power series over a field a fundamental invariant is the modality of the singularity (with respect to some equivalence relation like right or contact equivalence). To determine the modality one has to investigate adjacent singularities that appear in nearby fibers. This cannot be done by considering families over complete local rings but one has to consider families of power series parametrized by some algebraic variety in the neighbourhood of a given point. To determine potential adjacencies, an important tool is the semicontinuity of certain singularity invariants like, for example, the Milnor or the Tjurina number. Another basic question is if the determinacy of an ideal can be bounded by a semicontinuous invariant. In the complex analytic situation the answer to these questions is well known and positve, but for formal power series the problem is much more subtle as one might think at the first glance. This is mainly due to the fact that ideals or modules that define the invariants are quasi-finite but not finite over the base space.
The modality example shows that the questions treated in this paper are rather natural and appear in important applications. Moreover, the semicontinuity in general is a very basic property with numerous applications in many other contexts. Therefore we decided to choose a rather general framework with families of modules presented by matrices of power series and parametrized by the spectrum of some Noetherian ring. It is not difficult to see that the fiber dimension is in general not semicontinuous and that the quasi-finite locus is in general not open (in contrast the case of ring maps of finite type, where the quasi-finite locus is open by Zariski's Main Theorem), see Examples 19 and 20. It turns out that the situation is much more satisfactory if we consider not the fibers but the completed fibers and we prove the desired semicontinuity for the completed fiber dimension under some conditions on the family. To guarantee that the completed fibre families behave well under base change we introduce the notion of a (partial) completed tensor product and study its properties in sections 1.1 and 1.2.
Unfortunately, we cannot prove the semicontinuity of the completed fibre dimension in full generality. We prove it if either the base ring has dimension one (in section 1.3) or if the presentation matrix has polynomials or algebraic power series as entries (in section 1.5). Together, these cases cover most applications. To treat the latter case, we use Henselian rings and the Henselian tensor product, for which we give a short account in section 1.4. It would be interesting to know, if the result holds for presentation matrices with arbitrary power series as entries or if there are counterexamples.
In section 2 we apply our results to singularity invariants. We discuss and compare first the notions of regularity and smoothness (over a field) and show that both notions coincide for the completed fibres (Lemma 52). Under the restrictions mentioned above, we prove the semicontinuity of the Milnor number and Tjurina number for hypersurfaces (section 2.2) and the Tjurina number for complete intersections (section 2.4) as well as an upper bound for the determinacy of an ideal (section 2.3). Since the base ring may be the integers, our results are of some interest for computational purposes. For example, if a power series has integer coefficients then the Milnor number over the rationals is bounded by the Milnor number modulo just one prime number if this is finite (see Corollary 55).
We assume all rings to be associative, commutative and with unit. Throughout the paper denotes an arbitrary field, A a ring, R = A[ [x] ], x = (x 1 , · · · , x n ), the formal power series ring over A and M an R-module. For our main results we will assume that A is Noetherian and that M is finitely generated as R-module. We say that a function d :
For finitely presented A-modules M the semicontinuity of p → d p (M ) is true and well known (cf. Lemma 1). However, in many applications M is not finitely generated over A but finite over some A-algebra R. Such a situation appears naturally in algebraic geometry, when one considers families of schemes or of coherent sheaves over Spec A. But then it is assumed that the ring R is either of (essentially) finite type over A (in algebraic geometry) or an analytic A-algebra (in complex analytic geometry). When we study families of singularities defined by formal power series (cf. Section 2), we have to consider R = A[ [x] ], which is not of finite type over A. As far as we know, this situation has not been systematically studied and it leads to some perhaps unexpected results. For example, d p (M ) is in general not semicontinuous on Spec A (cf. Examples 19, 20).
It turns out that the situation is much more satisfactory if we pass from the usual fibres to the completed fibres, that is, we consider the completed fiber dimensiond
To guarantee that the completed fibres behave well when p varies in Spec A, we introduce the notion of a completed tensor product below.
For a finitely presented A-module M the semicontinuity of p → d p (M ) is well known (in this cased p (M ) = d p (M ) by Proposition 3):
Proof. Fix p ∈ Spec A. We may assume that d p (M ) is finite. Consider a presentation
Applying ⊗ A k(p) to this sequence we get the exact sequence of vector spaces
with entries of P p being the images of p ij in k(p). Then d p (M ) = q − rank(P p ) and since rank(P p ) ≤ rank(P q ) for all q in some neighbourhood U of p, the claim follows.
If M is flat, then M p is free over the local ring A p for a given p ∈ Spec A. By [Mat86] , Theorem 4.10 (ii) (and its proof) there exists an f / ∈ p such that M f is a free A f -module of some rank r and hence d q (M ) = r for q in the open neighbourhood D(f ) of p.
We introduce now the completed tensor product. Let us denote by
the ideal in R generated by x 1 , ..., x n . More generally, if S is an R-algebra, then x S denotes the ideal in S generated by (the images of) x 1 , ..., x n .
For an R-module N denote by 
If N is an A-module, we define the R-module
and call it the completed tensor product of M and N over A.
One reason why we consider the completed tensor product is that it provides the right base change property in the category of rings of the form A[ [x] ] by the following Proposition 3.1.
Proposition 3. The completed tensor product has the following properties (assumptions as in Definiton 2).
(iv) If M is finitely presented over R and N finitely presented over A, then
Proof. (i) and (ii) follow immediately from Proposition 3.1. (iv) follows from (i) and Proposition 3.3 with B = A and (iii) is a special case of (iv).
Applying Corollary 4 and Proposition 3.1 we get [x,y] ] . It has the usual universal property of the tensor product in the category of formal A-algebras, analogous to the analytic tensor product for analytic algebras (cf. [GR71, Chapter III.5]). Thus, Definition 2 generalizes the completed tensor product of formal A-algebras. Notation 10. We have canonical maps
with i • π • j = id and for an ideal I ⊂ R we set I := π(I). On the level of schemes we have the maps Spec A
the ideal in R generated by p ∈ Spec A and x 1 , ..., x n . The family j * : Spec R → Spec A has the trivial section σ = (i•π) * : Spec A → Spec R, p → n p , and the composition h := π • j : A ∼ = R/ x induces an isomorphism
the restriction of j * to V ( x ). We call R p := R ⊗ A A p the stalk of R over p. R p is not a local ring, its local ring at n p is (R p ) np = R np with residue field k(n p ) = k(p) (by Lemma 12).
If M is an R-module, we call M p = M ⊗ A A p the stalk of M over p and we are interested in the behavior of M along the section σ. However, we are not interested in the R(p)-modules M (p) since R(p) is not a power series ring (and does not behave nicely). We are interested in the completed stalkM p and in the completed fibersM (p), which we introduce now. Let us now compare the fiber M (p) with its completed fiberM (p).
Lemma 12. For any R-module M the following holds.
(ii) n p is a prime ideal in R with n p ∩ A = p and the residue field of n p in R satisfies k(n p ) = k(p). (iii) If n is any prime ideal in R containing x , then n = n p with p = n ∩ A ∈ Spec A.
Proof. Statement (i) follows from Proposition 3. The first statement of (ii) follows since R/n p = A/p is an integral domain. Since R/n p = A/p we have k(n p ) = Quot(R/n p ) = Quot(A/p) = k(p). (iii) is obvious.
Remark 13. We have strict flat inclusions
The strictness is easy to see. E.g.
] but it is not contained in R np , where only finitely many different denominators are allowed. We have R p = S −1 R, with S the multiplictive set The rings R p and R np are "strange" subrings of
] is of interest in applications (cf. section 2), while the rings R p and R np are of minor interest. By the following lemma we have (
Example 14. As an example let A = [t] and R = A[[x]
] with t and x one variable, p = 0 ∈ Spec A. We have A p = k(p) = (t) and
• x is contained in the Jacobson radical of R⊗ A A p by Lemma 16.
To see this, note that the element t − x is a unit in
The rings R p and R(p) are in general not local.
Since R p / x = (t), the ideal x is another maximal ideal and R p = R(p) (p = 0 ) is not local.
Lemma 15. Let M be a finitely presented R-module and p ∈ Spec A. 1. We have isomorphismŝ
] is given as follows. Let h/g ∈ R np with h, g ∈ R, g / ∈ n p and write g = g 0 − g 1 with g 0 ∈ A and g 1 ∈ x R. Then g / ∈ n p = p, x iff g 0 / ∈ p and g is a unit in R np iff its image in A p [ [x] ] is a unit. We get
np . Now apply Corollary 4 to the presentation of M and deduce the claim for
Corollary 5 (iv) and the first statement of this lemma. Since M np is finitely presented over R np we have M ∧ np = M np ⊗ Rn p R ∧ np , which implies the result. 3. This follows from Corollary 6.
Over maximal ideals the fiber and the completed fiber coincide:
Lemma 16. Let A be Noetherian and M a finitely generated R-module. For a ⊂ A a maximal ideal the following holds.
and aR is a prime ideal in R.
(iii) n a is a maximal ideal of R and any maximal ideal of R is of the form n a for some a ∈ Max A. Hence x is contained in the Jacobson radical of R.
(ii) This follows from (i) and the fact that
If A is Noetherian then we have also Supp A (M ) = V (Ann A (M )) and hence Supp A (M ) is closed in Spec A (in general the support of a not finitely generated module is not closed). To see this, let p ∈ Spec A and note that M p = 0 iff
We show now that the set {p ∈ Spec A |d p (M ) = 0} is also closed but it may be stricly contained in Supp A (M ) as Example 19 4. shows.
Lemma 18. Let A be Noetherian and M a finite R-module. Then 
M is not finitely generated over
The prime ideal 0 is contained in every neighbourhood of a = t in Spec A. 
On the other hand, looking at the prime ideal 0 we get
To see the last equality in the formula for M ( 0 ) one checks that the following diagram has the universal property of the tensor product:
Here i 1 , i 2 and j 2 are the canonical inclusions and j 1 is given as follows In an important special case semicontinuity holds for arbitrary A: Before we formulate the next result, we introduce some notations to be used throughout this section. Consider a minimal primary decomposition of Ann R (M ),
Let P 1 , . . . P s ⊂ R be the minimal associated primes of x . Since they correspond via h :
Lemma 22. For p ∈ Spec A the following holds:
ThenM Proof. 1. Since p ∈ Spec A contains the nilpotent elements, A ′ /p ′ = A/p, where p ′ is the image of p in A ′ , and hence the residue field does not change if we pass from
to the first resp.⊗ A ′ k(p) to the second exact sequence above. The sequences stay exact by Corollary 4. Since (R(p)) k = (R ′ (p ′ )) k it follows that the canonical morphism M → M ′ induces an isomorphismM (p) ∼ =M ′ (p). 
Since (M/QM )⊗

We may assume that
Proposition 23. Fix p ∈ Spec A. Let Q 1 , . . . , Q r be the primary components of Ann R (M ) and P 1 , . . . , P s the minimal primes of V ( x ). After renumeration we have two disjoint sets of primary components of Ann R (M ) (any one may be empty):
I. Q 1 , ..., Q k such that for each 1 ≤ i ≤ k there exists a j with P j ⊂ √ Q i . II. Q k+1 , ..., Q r such that for each k + 1 ≤ i ≤ r we have P j ⊂ √ Q i for all j.
We set 
follows from Proposistion 21, since the assumption says that Supp
2. We renumber the P j such that P 1 , ..., P t satisfy P j ⊂ √ Q i for some i = 1, ..., k and P t+1 , ..., P s satisfy P j ⊂ √ Q i for any i = 1, ..., r. We set
We set
and make induction on d. If d = 0 then dim Supp(M ) ∩ V ( x ) = 0 and p is an isolated point of {q ∈ Spec A |d q (M ) = 0} by Lemma 18 and the theorem is trivially true in this case. Hence we may assume that d ≥ 1. By Lemma 22 we may assume that (α) A is reduced (Lemma 22 1.), (β) Q i ⊂ n p for all 1 ≤ i ≤ r (Lemma 22 3.), (γ) dim V (Q i ) ≤ d for all 1 ≤ i ≤ r (Lemma 22 4., assuming (β)).
We have dim V (Q II ) ≤ d by (γ). Since P j ⊂ √ Q i and since V (Q i ) and V (P j ) are irreducible we have for each k + 1 ≤ i ≤ r and for t
By the induction hypothesis there exists an open neighbourhood
By Lemma 22 2. we havê
Note that
Using Notation 10, we set
. From (1), (2), (3) and (4), we deducê
The set U :
Then the result follows from (5).
As a corollary we get the following theorem, which was already proved for maximal ideals and for A = [t] in [GPh19] . ]-module, x = (x 1 · · · x n ), given by a presentation
Denote by
for all except finitely many prime numbers q ∈ , and hence "=" for all except finitely many prime numbers q ∈ .
The first part of statement 1. follows, since 0 is in every neighbourhood of p. In particular dim É M 0 is finite if dim p M p is finite for some prime number p.
Henselian rings and Henselian tensor product
In this section we recall some basic facts about Henselian rings and introduce similarly to the complete tensor product a Henselian tensor product. For details about Henselian rings see [Sta19] or [KPR75] . The Henselian tensor product is needed in Section 1.5 for polynomially presented modules. We start with some basic facts aboutétale ring maps.
Definition 26. 1. A ring map φ : A −→ B is calledétale if it is flat, unramified 1 and of finite presentation.
The following proposition lists some basic properties ofétale maps. The results can be found in section 10.142 of [Sta19] . Remark 31. The definition of the Henselization implies that A h I is contained in the algebraic closure of A inÂ I . If A is excellent 5 then A h I is the algebraic closure of A inÂ I . This is even true under milder conditions, see [KPR75] . In this situation C x is called the ring of algebraic power series of C[ [x] ].
Next we prove a lemma which we need later in the applications. 
The Henselian tensor product has similar properties as the complete tensor product. Especially we obtain the following lemma.
In particular R ⊗ h A k(p) = k(p) x for p ∈ Spec A. Definition 37. Let A be a ring, R = A x and M an R-module. We define for 
Semicontinuity for polynomially presented modules
Let A be Noetherian and M finitely generated as R = A[ [x] ]-module. Then M is finitely R-presented and in this section we assume that M has a polynomial presentation matrix. That is, there exists a presentaion
Under this assumption we shall prove the semicontinuity ofd b (M ) for b ∈ Spec A. 
andt ij the induced elements in k(a) [x] resp. k(b) [x] .
Since this hold for every N ≥ N 0 , we obtaind a (M ) < ∞. Similarly we can see Proof. Passing from R to R/ Ann R (M ) we may assume that Ann R (M ) = 0. In this case dim M/mM < ∞ implies dim R/mR < ∞. Lemma 39 implies that R is a finitely generated A-module. Since M is finitely generated over R it follows that M is a finitely generated A-module.
Theorem 41. Let A be a Noetherian ring, R = A[ [x] ], x = (x 1 , . . . , x n ), and M a finitely generated R-module admitting a presentation 
and Corollary 40 that M h is a finitely generated A h -module. Lemma 32 implies that there is ań However, in our situation of families of power series, the notion of formal smoothness is more appropriate than that of regularity. Formal smoothness is a relative notion and refers to a morphism, while regularity is an absolute property of the ring. The notions are related as follows. Let (A, m) be a local ring containing a field . If A is formally smooth over (w.r.t. the m-adic topology) then A is regular and the converse holds if the residue field A/m is separable over (see Remark 44). Hence formal smoothness of A over coincides with regularity if is a perfect field. The notions do also coincide for arbitrary if A is the quotient ring of a formal power series ring over by an ideal (cf. Lemma 49).
We recall now basic facts about formal smoothness. For details and proofs see [Mat86] and [Maj10] .
Definition 43. Let A be a ring, B an A-algebra defined by φ : A −→ B and I an ideal in B. The A-algebra B is called formally smooth with respect to the Iadic topology (for short B is I-smooth over A) if for any A-algebra C and any continuous 7 A-algebra homomorphism u :
Here we consider B with the I-adic topology and C/N with the discrete topology; u is continuous if u(I m ) = 0 for some m.
Now assume thatφ :
A −→ B is I B-smooth. Consider the following commutative diagram:
with N 2 = 0. We have to prove that there exists σ such that πσ = u. Sincê φ : A −→ B is I B-smooth there existsσ : B −→ C with πσ =û. Now we define σ =σi and obtain πσ = u.
The following important theorem is due to Grothendieck ([Mat86] Theorem 28.9). Now let be a field, [[x] ], x = (x 1 , · · · , x n ), the formal power series ring over and I an ideal in x [[x] ]. If I is generated by f 1 , . . . , f m we denote by Jac(I) the Jacobian matrix (∂f j /∂x i ) and by I k (Jac(I)) the ideal generated by the k × kminors of Jac(I) (which is independent of the chosen generators f j ). The following lemma gives equivalent conditions for the maximal ideal We use the Jacobian criterion to define the singular locus of ideals in power series rings over a field. 2. If B is not pure dimensional we consider the minimal primes P 1 , . . . , P r of B. Then B/P i is pure dimensional and we define the singular locus of B as The maximal ideals of the local rings of the fiber B np /pB np and the completed fiberB(p) are generated by n p /p = x . Assume that φ : A → B is flat. Then the theorem of Grothendieck says 
where Jac(I) is the Jacobian matrix (∂F j /∂x i ) and I d (Jac(I)) ⊂ A[ [x] ] the ideal defined by the d × d-minors.
Milnor number and Tjurina number of hypersurface singularities
Let be a field and f ∈ [ [x] ], x = (x 1 , · · · , x n ) a formal power series. The most important invaraints are the Milnor number µ(f ) and the Tjurina number τ (f ), defined as
where j(f ) = ∂f /∂x 1 , . . . , ∂f /∂x n is the Jacobian ideal of f . We say that f has an isolated critical point (at 0) resp. an isolated singularity (at 0) if µ(f ) < ∞ resp. τ (f ) < ∞. Note that τ (f ) < ∞ iff [ [x] ]/ f has an isolated singularity in the sense of Definition 51.
Remark 53. Let char( ) = 0. It is proved in [BGM12, Theorem 2] that for f ∈ x , µ(f ) < ∞ ⇔ τ (f ) < ∞ but it is easy to see that this is not true in positive characteristic. We have always τ (f ) ≤ µ(f ) and τ (f ) = µ(f ) ⇔ f ∈ j(f ). If = and if f ∈ x 2 has an isolated singularity, this is equivalent to f being quasi homogeneous by a theorem of K. Saito (see [Sa71] ). His proof generalises to any algebraically closed field of characteristic zero (cf. [BGM11, Theorem 2.1]).
We consider now families of singularities. Let A be a Noetherian ring and are defined, and we deduce now the semicontinuity of µ(F (p)) and τ (F (p)). If µ(F p ) is finite, then µ(F p ) ≥ µ(F 0 ) and µ(F p ) ≥ µ(F q ) for all except finitely many prime numbers q ∈ . In particular, if µ(F p ) is finite for some p then µ(F 0 ) is finite.
If µ(F 0 ) is finite, then µ(F 0 ) ≥ µ(F q ) (and hence "=") for all except finitely many prime numbers q ∈ .
The same holds for the Tjurina number.
Example 56. We illustrate the corollary by a simple example. Let
Moreover, for any prime number r = p, q we have µ(F r ) = µ(F 0 ). 
Determinacy of ideals
Tjurina number of complete intersection singularities
We show first that being a regular sequence in a flat family of power series in R = A[ [x] ] is an open property. (iii) Localizing the exact sequence (*) at n p we get an exact sequence of finite R np -modules. Taking the x -adic completion, the sequence stays exact and we see that (K i−1,np ) ∧ = ker F ∧ inp : (M i−1,np ) ∧ → (M i−1,np ) ∧ . By Lemma 15 M i−1 (p) = (M i−1,np ) ∧ ⊗ Ap k(p) and F i (p) = F ∧ inp ⊗ Ap k(p), and by assumption F i (p) is injective. We apply now repeatedly [Mat86, Theorem 22 .5 ] to A p → R np = A p [ [x] ] and to F ∧ inp to get that (K i−1,np ) ∧ = K i−1,np ⊗ Rn p R ∧ np = 0 and that (M i,np ) ∧ = M i,np ⊗ Rn p R ∧ np is flat over A p for all i. Since R ∧ np is faithfully flat over R np this implies K i−1,np = 0 and that M i,np is flat over A p .
The support of the R-module K i−1 is closed and hence (K 
